Rules for integrands involving gamma functions

1. ju Gamma[n, a + b x] dx

1: [Gamma[n, a +bx] dx

Derivation: Integration by parts

. b (atbx)"?
Basis: OxGamma [n, a + b x] = - 22X
Rule:
. bl d (a+bx) Gamma[n, a+bx] (a+bx)"dl (a+bx) Gamma[n, a+bx] Gamma[n+1, a+bx]
J amma[n, a+ X] X — b +J ea+bx = b ) b

Program code:

Int[Gamma[n_,a_.+b_.xx_],x_Symbol] :=
(a+bxx) *Gamma [n,a+b%x] /b - Gamma[n+1,a+bxx]/b /;
FreeQ[{a,b,n},Xx]

2. J(dx)"‘Gamma[n, b x] dx

1 J-Gamma [n, bx]

X

dx

Gamma [n, b x]
1. J.— dx when nez

X

Gamma[0@, b x
1: f#d"‘

X

Basis: Gamma[@, z] == ExpIntegralE[1, z]

Rule:

Gamma [0, b x] ExpIntegralE[1, b x]
J— dx — J dx

X X



Rules for integrands involving gamma functions

1
— b x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -bx] - EulerGamma Log[x] - — Log[bx]2
2

Program code:

Int[Gamma[@,b_.*x_]/x_,x_Symbol] :=
bxxxHypergeometricPFQ[{1,1,1},{2,2,2},-bxx] - EulerGammaxLog[x] - 1/2xLog[bxx]"2 /;
FreeQ[b,x]

Gamma[1l, bx
X: J‘# dx

X

Derivation: Algebraic expansion
Basis: Gamma[1, z] -- elz
Note: Mathematica automatically evaluates Gamma[1, z] to e 2.

Rule: If n > 1, then

Gamma[1, b x] 1
j—dlx - j dx
X xebx

Program code:

(* Int[Gamma[1l,b_.*x_]/x_,x_Symbol] :=
Int[1/ (x*xE~ (bxx)),x] /;
FreeQ[b,x] =*)
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dx whenn-1ez*
X

9 J-Gamma [n, bx]

Derivation: Algebraic expansion
Basis: Gamma[n, z] -=- % + (n-1) Gamma[n-1, z]
Rule:lf n-1 e z*, then

Gamma[n, b x] (b x)"-2 Gamma[n - 1, b x] Gamma[n - 1, b x]
J‘—dlx—»bJ‘ d1x+(n—1)J dx—»—Gamma[n—l,bx]+(n—1)J dx

X ebx X X

Program code:

Int[Gamma[n_,b_ .*x_]/x_,x_Symbol] :=
-Gamma[n-1,bxx] + (n-1)*Int[Gamma[n-1,bxx]/x,x] /;
FreeQ[b,x] && IGtQ[n,1]

dx whennez-
X

3. jGamma [n, bx]

Derivation: Algebraic expansion

Basis: Gamma[n, z] == - nznz + iGamma[n +1, z]
[

Rule: If n € Z, then

X — -— dx + — X —
X n bx n X n

Gamma[n, b x] b (bx)"-1t 1 ~Gamma[n +1, bx] Gamma[n, bx] 1 ~Gamma[n+ 1, bXx]
J—a J j a . —j dx
n

e X

Program code:

Int[Gamma[n_,b_.*x_]/x_,x_Symbol] :=
Gamma[n,bxx]/n + 1/nxInt[Gamma[n+1,bxx]/x,x] /;
FreeQ[b,x] && ILtQ[n,0]
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Gamma [n, b x]
2: j— dx when n ¢ z

X

Rule: If n ¢ Z, then

n

J~Gamma[n, b x] (b x)

dx — Gamma[n] Log[Xx] - 3 HypergeometricPFQ[{n, n}, {1+n, 1+n}, -bx]
n

X

Program code:

Int[Gamma[n_,b_.*x_]/x_,x_Symbol] :=
Gamma[n] xLog[x] - (b*x)“~n/n”2xHypergeometricPFQ[{n,n}, {1+n,1+n},-bxx] /;
FreeQ[{b,n},x] && Not[IntegerQ[n]]
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2: J.(d x)" Gamma[n, b x] dx whenm# -1

Derivation: Integration by parts and piecewise constant extraction

H dx)™ __
Basis: Oy b = (%)

Basis: - = 6yGamma [m+n+1, bx] == &1
b (be

Note: The antiderivative is given directly without recursion so it is expressed entirely in terms of the incomplete gamma
function without need for the exponential function.

Rule: If m + -1, then

d m+lG , b 1 d m b n
[ @207 Gamman, bx) ax — (dx)"" Gamma(n, bx] f( )" (bx)"

d(m+1) m+1 ePX
(d x) ™! Gamma [n, b x] (dx)m (b x)™n
+ J dx
d (m+1) (m+1) (bx)" ebx
(d x)™* Gamma[n, b x] (dx)"Gamma[m+n + 1, bx]
d (m+1) b (m+1) (bx)"

Program code:

Int[(d_.*x_)"m_.xGamma[n_,b_.xx_],x_Symbol] :=
(d*x)~ (m+1) *Gamma [n,bxx] / (d* (m+1)) -
(dxx) *mxGamma [m+n+1,bxx] / (bx (m+1) » (bxx) ~m) /;
FreeQ[{b,d,m,n},x] && NeQ[m,-1]
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3. J(c+dx)'"Gamma[n, a+bx]dx

1: J(c+dx)mGamma[n, a+bx]dx whenbc-ad=-0

Derivation: Integration by substitution
Rule:If bc - ad == 9, then

1 dx\m
f(c+dx)’"Gamma[n, a+bx]dx — ESubst[I(T] Gamma[n, x] dx, X, a+bx]

Program code:

Int[(c_+d_.xx_)"m_.xGamma[n_,a_+b_.*x_],x_Symbol] :=
1/b%Subst [Int[ (d*x/b) *mxGamma[n,x],x],X,a+bxx] /;
FreeQ[{a,b,c,d,m,n},x] && EqQ[bxc-axd,0]

dx whenn-1ez*

2 Gamma [n, a + b x]
. j c+dx

Derivation: Algebraic expansion
Basis: Gamma[n, z] == # +(n-1) Gamma[n-1, z]

Rule:lf n-1 e Z*, then

Gamma[n, a+ b x] (a+bx)n-? Gamma[n -1, a+bx]
j dlx—»f d1x+(n—1)J dx
c+dx (c +dx) e**bx c+dx

Program code:

Int[Gamma[n_,a_.+b_.*x_]/(c_.+d_.*Xx_),x_Symbol] :=
Int[ (a+bxx)” (n-1) / ( (c+d*x) *E”* (a+b*x) ) ,x] + (n-1)*Int[Gamma[n-1,a+b*x]/ (c+dxx),x] /;
FreeQ[{a,b,c,d},x] && IGtQ[n,1]
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3: J(c+dx)’“Gamma[n, a+bx]dx when (mezZ*V nezZ*V (m|n)ez) Am#-1

Derivation: Integration by parts

Basis: OxGamma[n, a + b x] == _b(atbx)"?t

(ea—bx

Rule:lIf (mez*vnez*VvV (m|n)ez) Am# -1, then

a+b x

j(c+dx)'“Gamma[n, a+bx]dx —
e

d (m+1) Tame

Program code:

Int[(c_.+d_.*x_)"m_.xGamma[n_,a_.+b_.*x_],x_Symbol] :=
Block [ {$UseGamma=True},
(c+d*x)~ (m+1) xGamma [n,a+bxx]/ (d* (m+1)) +
b/ (d* (m+1) ) *Int [ (c+d*x)~ (m+1) * (a+b*x) ~ (n-1) /E* (a+b*xX) ,X] ] /5
FreeQ[{a,b,c,d,m,n},x] && (IGtQ[m,0] || IGtQ[n,0] || IntegersQ[m,n]) && NeQ[m,-1]

uU: J(c+dx)’“Gamma[n, a+bx]dx

Rule:

j(c+dx)’"Gamma[n, a+bx]dx — J.(c+dx)’"Gamma[n, a+bx]dx

Program code:

Int[(c_.+d_.*x_)”~m_.xGamma[n_,a_.+b_.*x_],x_Symbol] :=
Unintegrable[ (c+d*x)“mxGamma[n,a+bxx],x] /;
FreeQ[{a,b,c,d,m,n},x]

(¢ +dx)™* Gamma[n, a +bx] b J~(c+dx)m+1 (a+bx)"?

dx
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2. fu LogGamma[a + b x] dx

1: JLogGamma[a + b x] dx

Derivation: Primitive rule
Basis: %‘A = logl(2)

Rule:

PolyGamma[-2, a + b x]

jLogGamma [a+bXx]dx — )

Program code:

Int[LogGamma[a_.+b_.*Xx_],x_Symbol] :=
PolyGamma[-2,a+bxx] /b /;
FreeQ[{a,b},x]
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2. J(c +dx)" LogGamma[a + b x] dx

1: J(c +dx)" LogGamma[a + b x] dx when me z*

Derivation: Integration by parts

Rule: If m € z*, then

(c +dx)"PolyGamma[-2, a+bx] dm 1
- — | (c+dx)™" PolyGamma[-2, a + b x] dx
b b

J.(c +dx)" LogGamma[a + b x] dx —

Program code:

Int[(c_.+d_.*x_)"m_.xLogGamma[a_.+b_.*x_],x_Symbol] :=
(c+d*x) “mxPolyGamma[-2,a+b%x] /b -
dxm/bxInt[ (c+d*x)”~ (m-1) xPolyGamma[-2,a+b%x],x] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0]

uU: J(c +dx)" LogGamma[a + b x] dx

Rule:

j(c +dx)" LogGamma[a + b x] dx — j(c +dx)" LogGamma[a + b x] dx

Program code:

Int[(c_.+d_.*x_)”m_.xLogGamma[a_.+b_.*x_],x_Symbol] :=
Unintegrable[ (c+d*x) “mxLogGamma[a+bxx],x] /;
FreeQ[{a,b,c,d,m},x]
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3. fu PolyGamma[n, a + b x] dx

1: JPolyGamma[n, a+bx] dx

Derivation: Primitive rule
fe. uWZ) — g (n+l)
Basis: p W\ (2)

Rule:

PolyGamma[n -1, a + b x]

jPolyGamma[n, a+bx]dx —
b

Program code:

Int[PolyGamma[n_,a_.+b_.*x_],x_Symbol] :=
PolyGamma[n-1,a+bxx]/b /;
FreeQ[{a,b,n},x]
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2. J(c+dx)'"PolyGamma[n, a+bx]dx

1: J(c +d x)" PolyGamma[n, a + b x] dx when m> @

Derivation: Integration by parts

Rule: If m > 0, then

(c +dx)™PolyGamma[n -1, a+bx] dm 1
- — | (c+dx)™* PolyGamma[n - 1, a + b x] dx
b b

f(c +dx)" PolyGamma[n, a + b x] dx —

Program code:

Int[(c_.+d_.*x_)"m_.xPolyGamma[n_,a_.+b_.*x_],x_Symbol] :=
(c+d*x) “mxPolyGamma[n-1,a+b*x] /b - dx*m/bxInt[ (c+d*x)” (m-1)*PolyGamma[n-1,a+bxx],x] /;
FreeQ[{a,b,c,d,n},x] && GtQ[m,0]

2: J(c +d x)" PolyGamma[n, a + b x] dx when m< -1

Derivation: Inverted integration by parts

Rule: If m < -1, then

(c +dx)™?! polyGamma[n, a + b x] b

d(m+1) d(m+1)

j(c +dx)"PolyGamma[n, a + bx] dx — j(c +d x)™?* PolyGamma[n + 1, a + b x] dx

Program code:

Int[(c_.+d_.*x_)”~m_.xPolyGamma[n_,a_.+b_.*x_],x_Symbol] :=
(c+dxx)~ (m+1) xPolyGamma[n,a+bxx] / (d* (m+1)) -
b/ (d* (m+1) ) *Int[ (c+d*x)” (m+1) xPolyGamma[n+1,a+bxx],x] /;
FreeQ[{a,b,c,d,n},x] && LtQ[m,-1]

11
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uU: J(c +dx)™ PolyGamma[n, a + b x] dx

Rule:

f(c+dx)’"PolyGamma[n, a+bx]dx — J.(c+dx)’"P01yGamma[n, a+bx]dx

Program code:

Int[(c_.+d_.*x_)”m_.xPolyGamma[n_,a_.+b_.*x_],x_Symbol] :=
Unintegrable[ (c+d*x) “mxPolyGamma[n,a+b%x],x] /;
FreeQ[{a,b,c,d,m,n},x]

4: |Gamma[a + b x]" PolyGamma[@, a + b x] dx

Derivation: Primitive rule
Basis: 22 = n yO(2) I(2)"

Rule:

Gamma[a + b x]"

J.Gamma[a +bx]" PolyGamma[@, a + bx] dx —
bn

Program code:

Int[Gamma[a_.+b_.*x_]”~n_.*xPolyGamma[@,a_.+b_.xx ],x_Symbol] :=
Gamma [a+b*x]~n/ (bxn) /;
FreeQ[{a,b,n},Xx]

12
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5: f((a+bx) 1)" PolyGamma[@, c + bx] dx when c=a +1

Derivation: Primitive rule
Basis: aé =nyO(z+1)(2!)"

Rule: If ¢ == a + 1, then

((@a+bx) "

J((a+bx) 1)" PolyGamma [0, c + bx] dx — >
n

Program code:

Int[((a_.+b_.*x_)!)”n_.xPolyGamma[@,c_.+b_.xx_],x_Symbol] :=
((a+bxx) 1)~n/ (bxn) /;
FreeQ[{a,b,c,n},x] && EqQ[c,a+1]
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6. ju Gamma[p, d (a+bLog[cx"])] dx

1: |Gamma[p, d (a+bLog[cx"])] dx

Derivation: Integration by parts

_bdne? (d (atblog[cx"]))P?
X (C Xn>bd

Basis: OxGamma [p, d (a+bLog[cx"])] ==

Rule:

JGamma[p, d(a+blog[cx"])] dx — xGamma[p, d (a+bLog[cx"])] + bdne'adj (d(a +b(Logn)[E:(n]))p_1 dx

Program code:

Int[Gamma[p_,d_.x(a_.+b_.xLog[c_.*x_"n_.])]1,x_Symbol] :=
xxGamma[p,d (a+bxLog[c*x*n])] + bxdxnxE” (-axd) *Int[ (d* (a+bxLog[cxx”*n]) )~ (p-1)/ (c*x*n)~ (bxd) ,x] /;
FreeQ[{a,b,c,d,n,p},x]

14
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" J-Gamma[p, d(a+blog[cx"])] ix

X

Derivation: Integration by substitution
Basis: FlLeal<xtl —- L subst [F[x], X, Log[c x"]] OxLog[c x"]

Rule:

G ,d bL n 1
J amna[p, d (a+ bLog[cx])] dx — —Subst[Gamma[p, d (a+bx)], x, Log[cx"]]
X n

Program code:

Int[Gamma[p_,d_.x(a_.+b_.xLog[c_.*x_"n_.])1/x_,x_Symbol] :=
1/n%Subst [Gamma [p,d* (a+bxXx) ] ,x,Log[c*x*n]] /;
FreeQ[{a,b,c,d,n,p},x]

15
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3: J(ex)'“Gamma[p, d(a+blog[cx"])] dx whenm# -1

Derivation: Integration by parts

_bdne??(d (asbloglcx"])) "
X (CXn)bd

Basis: Ox Gamma [p, d (a+bLog[cx"])] =

Rule: If m + -1, then

(ex)™* Gamma[p, d (a+bLog[cx"])] bdne?? (ex)®"
+

e (m+1) (m+1) (cx")®

j(e x)" Gamma[p, d (a+blog[cx"])] dx — J(e x)"?9" (d (a+bLog[cx"]))P " ax

Program code:

Int[ (e_.*x_)"m_.xGamma[p_,d_.*(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=

(exx) ™ (m+1) xGamma [p,d* (a+bxLog[c*x*n]) ]/ (ex (m+1)) +

bxdxn*E” (-axd) * (exXx)~ (bxdxn) / ((m+1) » (cxx”n)~ (bxd) ) *Int[ (exx)” (m-bxdxn) » (d* (a+bxLog[cxx*n]) )~ (p-1),x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] &% NeQ[m,-1]
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7. juGamma[p, f(a+blog[c (d+ex)"])] dx

1: | Gamma[p, f (a+blog[c (d+ex)"])] ax

Derivation: Integration by substitution
Rule:

jGamma[p, f(a+blog[c (d+ex)"])] dx — ESubstU-Gamma[p, f(a+blog[cx"])] dx, x, d +ex]
e

Program code:
Int[Gamma[p_,f_.*(a_.+b_.xLog[c_.*(d_+e_.*x_)"n_.])],x_Symbol] :=

1/exSubst[Int[Gamma[p,fx (a+bxLog[cxx*n]) |,x],x,d+exx] /;
FreeQ[{a,b,c,d,e,f,n,p},x]

2: J(g+hx)'"Gamma[p, f(a+blog[c(d+ex)"])] dx wheneg-dh=20

Derivation: Integration by substitution
Basis: If eg-dh == 0,then (g+hx)"F[d+ex] = L Subst[(&*)"F[x], x, d+ex| ox (d+ex)
Rule:If eg -dh == 9, then

J(g+hx)“‘Gamma[p, f(a+blog[c (d+ex)"])] dx — lSubst[‘[(gd—x)mGamma[p, f(a+blog[cx"])] dx, x, d+ex]
e

Program code:

Int[(g_+h_.x_)"m_.xGamma[p_,f_.(a_.+b_.xLog[c_.(d_+e_.*x_)"n_.1)],x_Symbol] :=
1/exSubst[Int[ (gxx/d) “mxGamma [p,fx (a+bxLog[cxx*n]) |,x],x,d+exx] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,p},x] && EqQ[exg-dxh,0]
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